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We have performed average-atom molecular dynamics to simulate the CH and LiH mixtures in the
warm dense regime, and obtained equations of state and the ionic transport properties. The electronic
structures are calculated by using the modified average-atom model, which have included the broadening of energy levels, and the ion-ion pair potentials of mixtures are constructed based on the
temperature-dependent density functional theory. The ionic transport properties, such as ionic diffusion and shear viscosity, are obtained through the ionic velocity correlation functions. The equations
of state and transport properties for carbon, hydrogen and lithium, hydrogen mixtures in a wide
region of density and temperature are calculated. Through our computing the average ionization
degree, average ion-sphere diameter and transition properties in the mixture, it is shown that transport
C 2015
properties depend not only on the ionic mass but also on the average ionization degree. V
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4913424]

I. INTRODUCTION

Warm dense matter (WDM)1 regime includes the temperatures from a few electron-volt (eV) to a few hundreds
and densities from a few hundredths to hundreds of the times
of solid density. In this regime, the electrons are ionized with
increasing temperature and localized with increasing density.
Meanwhile, the ion-ion interactions should also be considered. The physical properties of WDM, such as the equation
of state, radiative opacity2 and the ionic structure, are important for the studies of astrophysics3,4 and inertial confinement fusion (ICF).5 These properties are the crucial input
parameters in hydrodynamic simulations,6,7 in particular,
will affect the hydrodynamic instability in the process of the
compression of ICF capsule. However, obtaining high temperature and density states required for experimental techniques is challenging; also it is difficult to describe the
electronic and ionic structures simultaneously for theoretical
calculations because all physical ingredients, such as coulomb interactions, bound-state level shifts, pressure ionization,8,9 electron degeneracy and ion-ion strong coupling,
must be taken into account. In particular, the physical properties of ions are affected by other ions in WDM regime, and
these effects become more and more important with increasing density. Therefore, many models are proposed to
describe electronic and ionic structures in this regime.
The one-component plasma (OCP) and the Yukawa
model10 combined with the Monte Carlo (MC) or molecular
dynamics (MD) have been used to predict the ionic structures at high temperature and density. The results of these
methods depend on one or two parameters, but the electron
quantum effects are not included. Quantum molecular
a)
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dynamics (QMD)11–14 simulations, which treat the nuclei
classically and the electrons quantum-mechanically by using
the density functional theory (DFT), have proved to be
appropriate for describing the transport property7,15–18 and
equation of state,19–22 but these methods are computationally
expensive, particularly at high temperature. The path integral
Monte Carlo method23–26 and molecular dynamics27–29 can
also give an appropriate description of the properties in the
warm dense regime, however, the method is also computationally expensive and applied only to low-Z elements such
as H, He, C, and H2O (Ref. 26) so far. Thus, first principles
methods are difficult to construct large data tables of material
properties. Orbital-free molecular dynamics (OFMD),30–32 in
which electronic free energy is a local functional of the electronic density, can be used at high temperature. However, at
present, OFMD is usually limited to a few hundred atoms. In
our previous work,15 we have discussed the relation between
the number of ions and the transport properties of Fe. It was
shown that the convergent results of the diffusion and viscosity coefficients need 4000 ions in performing molecular dynamics using the periodic boundary conditions. For the
mixture, it is necessary to simulate a system with large number of ions. So we perform molecular dynamics to compute
the transport properties including more ions for mixture.
In the present study, we investigate the equation of state
and ionic transport properties of the mixtures through the
average-atom molecular dynamics (AAMD) simulations. In
order to consider the electronic quantum effect, the electronic structures are obtained by solving the modified
average-atom (AA) model,33,34 which includes the thermal
electron excitation and ionization in a statistical way.35–37
The ionic pair potentials are obtained from the electronic
densities overlap of two isolated ions based on the modified
Gordon and Kim (GK)38 theory in the framework of
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temperature-depended density functional theory (td-DFT).
When the interacting ions come together, the rearrangement
of the nonlocal electrons is considered by retaining the total
nonlocal charges of the interacting system unchanged. And
the results obtained from the theory have been found to
give excellent agreement with the known equations of
state and ionic structures for Al and Fe.39 In this work,
we first present brief descriptions of the AAMD method
and how to obtain dynamical properties, such as ionic diffusion and shear viscosity, in the WDM regime. Since the
C, H mixture is major components of ablator and Li, H
mixture is a possible alternative ablator for ICF, in Sec.
III we apply the AAMD method to simulate the mixtures
of CH and LiH, and calculate the equations of state and
transport coefficients in the WDM regime. And in Sec.
IV, we give the summary.
II. METHODS OF CALCULATION

In this section, we first give brief descriptions about how
to set up the model and to obtain ionic pair potential of mixtures in the WDM regime. And then we discuss the implementation of various schemes to determine the dynamical
properties, such as ionic diffusion and shear viscosity.
A. AAMD method

For an isolated ion, the electronic density distribution is
calculated by the modified AA model,33,34 which considers
the electronic energy level broadening and includes the temperature and density effects on the electronic distributions in
a statistical way. Each ion is described as an ion-sphere, in
which the electronic density of bound state (eigenvalue
E < 0) is obtained by solving the Dirac equation and free
electronic (E > 0) density from the Thomas-Fermi (TF)
approximation. When we calculate the pair-potential, the
total electronic density is divided into two parts: the uniformly nonlocal distributed free-electron sea qðrb Þ in the
whole space which is equal to the density of electrons at the
ion-sphere boundary, rb, and the local electrons q2nd
i ðrÞ equal
to the total electron density minus the first constant distribution, representing the dramatic space variation of the electronic distribution around the nucleus. The atomic volume is
proportional to the nuclear charge and the sum of the local
electrons within each atomic sphere. Because the integration
of the local electron density within an atomic sphere needs
the atomic size in advance, the calculation is carried out in a
self-consistent way for the isolated atoms. When we calculate ion-ion pair potentials, the spatial distribution of the
nonlocal free electrons changes with two ions coming closer,
but the density remains unchanged, see Fig. 1 of Ref. 39.
The localized electrons will overlap each other, and the total
density of the local electrons is the sum of the two separate
ions in the overlap region. In order to keep the electronic
density of the nonlocal free-electron sea unchanged, when
the electrons of two ions become overlapped, the boundary
changes in such a way that the truncated spherical volume
equal to the sum of the two separated ions to keep the electrical neutrality in the whole interaction region.39 Thus, the
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2nd
total density is q ¼ q2nd
A þ qB þ qðrb Þ, where A and B represent different ions, respectively.
The pair potentials are computed through

VðRÞ ¼ VCoul ðRÞ þ Vk ðRÞ þ Ve ðRÞ þ Vc ðRÞ;

(1)

where R is the distance between two nuclei, VCoul ðRÞ is the
static Coulomb energy, Vk ðRÞ is the kinetic energy, Ve ðRÞ
and Vc ðRÞ are the exchange and correlation energies, respectively. VCoul ðRÞ can be calculated directly from the electronic
density based on the GK theory.38 The last three terms in Eq.
(1) can be, respectively, calculated through integral of the kinetic energy Ek ðqÞ, exchange energy Ee ðqÞ and correlation
energy Ec ðqÞ38,40–42 in the spheroidal coordinate system,
k1 ¼ ðr1 þ r2 Þ=R; k2 ¼ ðr1  r2 Þ=R, using the GaussLegendre numerical quadrature,
ðð
Vk ðRÞ ¼ p
dk1 dk2  r1  r2
 fqEk ðqÞ  qA Ek ðqA Þ  qB Ek ðqB Þg;
ðð
dk1 dk2  r1  r2
Ve ðRÞ ¼ p

(2)

 fq  Ee ðqÞ  qA Ee ðqA Þ  qB Ee ðqB Þg;
ðð
dk1 dk2  r1  r2
Vc ðRÞ ¼ p

(3)

 fq  Ec ðqÞ  qA Ec ðqA Þ  qB Ec ðqB Þg:

(4)

And when calculating Ek ðqÞ; Ee ðqÞ, and Ec ðqÞ, we consider
the effect of the temperature. The energies are expressed as
pﬃﬃﬃ ð
3=2
2


d;
(5)
E k ðq Þ ¼ 2
p q exp ð  lÞ=T þ 1
Ee ðqÞ ¼ 0:6109rs1
1 þ 2:83431t2  0:21512t3 þ 5:27586t4
1 þ 3:94309t2 þ 7:91379t4
1
 tanhðt Þ;


(6)

Ec ðqÞ ¼ 0:6109rs1=2


0:0081 þ 1:127t2 þ 3:756t4
tanhðt1=2 Þ;
1 þ 1:291t2 þ 3:593t4

(7)

where the rs ¼ 0:6203474q1=3 , and t ¼ 0.543rsT, T is electronic temperature. The difference between the present
model and the original GK theory is that the electronic density distribution of the isolated ion is divided into two parts,
i.e., the electronic sea qðrb Þ and the local electron q2nd
i ðrÞ.
Molecular dynamics are performed in the cubic volume V
to simulate the mixture based on the pair-potentials described
above. The mixture ions are included to perform simulations
with the NVT (constant N, number of particles; V, volume; and
T, temperature) ensemble. The system is assumed to be in local
thermodynamics equilibrium, and the electronic and ionic temperatures are considered to be equal. Each MD simulation consists of two stages: the equilibration stage and the production
stage. At the production stage, the physical properties of the matter are obtained by averaging over the time. The results of MD
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simulations in the NVT ensemble depend on the number of time
steps nt, size of the time step dt, number of ions N, and the cutoff
rcutoff. In order to obtain accurate results, we simulate the time
steps nt ¼ 100 000 for all the results, where first nt ¼ 10 000 time
steps are used to arrive at equilibration and another time steps
are applied to calculate the correlation function. And rcutoff is the
sum of the two ionic radius, which are determined by the ion
number density ni and the average ionization degree in the selfconsistent way. The time step dt of the MD simulation is determined by the plasma temperature and density, dt  rws/T1=2,
where rws is the Wigner-Seitz radius. And the Wigner-Seitz radius of each ion depends on the ionic number density and average ionization degree.37 When we use the rws to calculate the
time step, the smaller one is chosen for mixture. The initial configuration of the ion is set as the ideal fcc crystal structure.
B. Ion transport properties

Based on molecular dynamics simulations, we calculate
the ionic diffusion and shear viscosity coefficient. The selfdiffusion coefficient is calculated by the velocity autocorrelation function43
ð
1
Da ¼ hvi ðtÞvi ð0Þidt;
(8)
3
where the vi is the ith ionic velocity of the species a. The mutual diffusion coefficient is obtained from the autocorrelation
function
ð
1
hAðtÞAð0Þidt
(9)
Dab ¼
3Nxa xb
with
AðtÞ ¼ xb

Na
X

vi ðtÞ  xa

i¼1

Nb
X

vj ðtÞ;

(10)

properties of the CH and LiH mixtures in the warm dense regime. 13 500 atoms are initially arranged into the ideal fcc
crystal structure with the lattice constant corresponding to
the given density.
First, we calculate the pressures of the C2H3 mixture
with increasing temperature at the densities of 7 g/cm3 and
9 g/cm3, as shown in Fig. 1, including both the ionic and
electronic contributions. The ionic pressures are extracted
from the MD simulations by
P using the classical virial expressions: PV ¼ NKB T þ 13 < i xi @U
@xi > as in Ref. 39; The electronic pressures of the mixture are calculated from the
modified AA model33,34 and depend on the electronic density
of the ionic boundary, which is contributed largely from the
free electrons. In Fig. 1, comparisons are made with the
results of QEOS, QMD, and OFMD.31 QEOS represents the
quotidian equation of state model44 where ionic contributions are calculated from the Yukawa model.45 At the density
of 9 g/cm3, the AAMD’s results agree with the other results
very well, except for the points at the temperature of 5 eV.
We also see that the AAMD’s and OFMD’s results are in
good agreement over the temperature range considered here.
This is due to the fact that both the AAMD’s and OFMD’s
electronic pressures are calculated with Thomas-Fermi (TF)
approximation and the ionic pressure contribution to the total
pressure is smaller in this regime. In the calculations of ionic
pressures, we only consider the ionic pair-potentials in the
AAMD method, neglecting many-body effects. At lower
temperature, the difference between the OFMD’s and
QMD’s results appears. The electronic energy levels have
been broadened and become the energy bands with decreasing temperature. So the difference between the AAMD,
OFMD, and QMD becomes apparent at low temperature.
The comparisons of ionic diffusion coefficients between
the results of AAMD and OFMD31 are shown in Figs. 2 and 3
for the mixture of C2H3 at the densities of 7 g/cm3 and 9 g/cm3,

j¼1

where xa;b ¼ Na;b =N. N ¼ Na þ Nb represents the number of
ions, Na;b is the number of the species a or b in the mixture.
The mutual diffusion coefficient can also be calculated from
the self-diffusion coefficient if the inter-species interactions
are smaller than the intra-species interactions32
Dab ¼ xb Da þ xa Db :

(11)

The viscosity coefficient is calculated from the autocorrelation function of the off-diagonal component of the stress
tensor
ð
V t
hP12 ð0ÞP12 ðt0 Þidt0 ;
(12)
g¼
kB T 0
where kB is the Boltzmann’s constant, P12 represents the five
independent off-diagonal component of stress tensor Pxy,
Pyz, Pzx, ðPxx  Pyy Þ=2; ðPyy  Pzz Þ=2, respectively.
III. RESULT AND DISCUSSION

Based on the method described above, we performed the
AAMD to calculate equations of state and the transport

FIG. 1. Pressure versus temperature for C2H3 mixture along the two isochores, 7 g/cm3 and 9 g/cm3 calculated by different methods: QMD (square),
OFMD (circle), AAMD (triangle), and QEOS (line) table.
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FIG. 2. The self- and mutual diffusion coefficients for C2H3 mixture using
the OFMD and AAMD methods as a function of temperature at the density
of 7 g/cm3. The self-diffusion coefficients for C are labeled by squares, and
that for H labeled by circles, and triangles up represent the mutual diffusion
coefficients.

respectively. The two figures give the self-diffusion coefficients of H, C, and mutual diffusion coefficients of HC with
increasing temperature. These diffusion coefficients are
obtained through velocity correlation functions. As shown in
Figs. 2 and 3, mutual diffusion coefficients are in good
agreement with the results of OFMD model. However, with
increasing temperature, the difference of the self-diffusion
coefficient between two models is shown. In our calculations, the AAMD method only considers the ionic pairpotentials, and OFMD considers the multi-ion interactions.
At high density and low temperature, the ions vibrate only
near the equilibrium positions, and each ion is trapped for
some period of time in the cage formed by its immediate
neighbors.46 So ionic velocity is very small and ion interacts
with the nearest-neighbor ion in some period of time, the

FIG. 3. The self- and mutual diffusion coefficients for C2H3 mixture using
the OFMD and AAMD methods as a function of temperature at the density
of 9 g/cm3. The self-diffusion coefficients for C are labeled by squares, and
that for H labeled by circles, and triangles up represent the mutual diffusion
coefficients.

Phys. Plasmas 22, 022711 (2015)

two-body collision is enough to describe the ionic transport
characters, which is different from the effect on equations of
state. When the matter is in the solid state, the diffusion coefficients depend on the crystal lattice.15 And with increasing
temperature, the ions move in wide range in one time period,
many-body correlation effects become important. So the difference between the two models becomes more obvious,
such as the points whose temperature is higher above 20 eV.
However, if the temperature continues increasing, the manybody correlation effect on the velocity correlation function
becomes less, and the pair-ion correlation effects become
dominated at higher temperature.46 Fig. 4 shows the shear
viscosity of the C2H3 mixture as a function of temperature at
the densities of 7 g/cm3 and 9 g/cm3, respectively. The results
are compared with those of OFMD31 and OCP47 methods.
For the shear viscosity, it is similar to the diffusion. This is
related to the ionic collision cross section. At low temperature, our results are in agreement with those of OFMD. With
increasing temperature, the difference of two results
becomes clear. However, for all the regime, there is a big difference between OCP’s results and AAMD’s results.
In order to explain the relations between transport property and collision cross section, we also calculate the ionic
transport properties for LiH mixture at the temperature of
50 eV with different densities. In Fig. 5, The self- and mutual
diffusion coefficients for the LiH mixture at the temperature
of 50 eV and densities from q0 (¼ 0.788 g/cm3) to 10  q0
are given using the AAMD and OFMD32 methods. In Fig. 5,
mutual diffusion coefficients calculated from the selfdiffusion coefficients according to Eq. (11) are also shown.
From the figure, we can see that at low and high densities the
AAMD’s results are in good agreement with those of OFMD
for the self-diffusion coefficients of H and Li. However, our
results are different from the OFMD’s results at the densities
of 3  q0 ; 4  q0 , and 5  q0 . At the density of 10  q0 , the
state of plasma is similar to that at low temperature, in which
each ion is trapped for some period of time in the cage and

FIG. 4. The shear viscosity for C2H3 mixture using the OFMD, OCP,31 and
AAMD methods as a function of temperature at the densities of 7 g/cm3 and
9 g/cm3.
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FIG. 5. The self- and mutual diffusion coefficients for LiH mixture using the
OFMD and AAMD methods as a function of density at the temperature of
50 eV. Triangles down represent the date calculated from the self-diffusion
coefficients C and H with Eq. (11).

only interacts with the nearest-neighbor ion. With decreasing
density, the average distance between ions become larger
and each ion collides with others more than one times in a
period of time. So many-body interactions become important
when calculating the diffusion coefficient in this regime.
When the density reduces to the 2  q0 , the average ionic
distance will become very large and the many-body correlation effects contribution to the velocity correlation function
are very small at the temperature of 50 eV, pair correlation
effects become important. At the densities of 2  q0 and
1  q0 , the AAMD’s results are consistent with those of
OFMD. And we calculate the mutual diffusion coefficients
from the correlation function according to the Eq. (9) (labeled by triangle up points and dot-dashed line) and from the
self-diffusion coefficients of H and Li according to the Eq.
(11) (labeled by triangle down points). From the figure, we
can see that the differences between the two results are very
small. Therefore, it is shown that the inter-species interactions are smaller than the intra-species interactions. So in
this regime, we can obtain the mutual diffusion coefficients
from the self-diffusion coefficients and avoid the statistical
error calculated from the velocity correlation functions.
In Fig. 6, we present the shear viscosities for the LiH
mixture at the temperature of 50 eV and densities from q0
(¼0.788 g/cm3) to 10  q0 comparing with the results of
OFMD.32 With increasing density, the interactions among
different ions become stronger and the viscosities increase.
Similar to the diffusion coefficients, there are big differences
between the AAMD’s and OFMD’s results at the densities
3  q0 ; 4  q0 , and 5  q0 . Besides the interaction of ions,
the differences come from the different method of describing
the electronic structure. OFMD method computes the electronic structures using the TF approximation, AAMD
method describes the free electron by the TF approximation
and the bound electron by the Dirac equation. So the two different descriptions of the electronic structure give the different average ionization degree, which has discussed in the
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FIG. 6. The shear viscosity for LiH mixture using the OFMD32 and AAMD
methods as a function of density at the temperature of 50 eV.

Ref. 37 for the mixtures. In the Fig. 7, we give the average
ionization degrees of Li and H in LiH mixture at the temperature of 50 eV. In order to show the results of H and Li in the
same figure, the results of H have been plus 1. From the figure, we can see the shell structure effects, which the average
ionization degrees of Li first decrease for the free electrons
are pressured into the bound state and become the bound
electrons and then increase due to the pressure ionization
with increasing density. However, TF approximation does
not consider the shell structure effects37 and would give the
different results of the average ionization degree when the
effects are important. So the ionic interactions and collision
cross sections are different using the two kinds of methods,
and then transport properties will be different.
We calculate the ratio of the ion self-diffusion coefficient and the average ion-sphere diameter square between H
and Li as a function of the density at the temperature of
50 eV for the mixture of LiH, as shown in Fig. 8. The average ion-sphere diameter is calculated from the modified
average-atom model,33,34 which is determined by the ion
number density ni and the average ionization degree in a
self-consistent way. Due to the average ionization degrees of

FIG. 7. The average ionization degree of Li and H in LiH mixture using
modified AA method as a function of density at the temperature of 50 eV.
Solid line with cycles is the results of Li and dashed line with squares is that
of H. In order to show the results of H and Li in the same figure, the results
of H have been plus 1.
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However, the present molecular dynamic method only simulates the average ionic state. In the future, we will develop
molecular dynamics including different ion-charge state to
simulate the transport properties of the system with the different ion-charge states.
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FIG. 8. The self-diffusion coefficient ratio of H/Li and the average ionsphere diameter square ratio of Li/H as a function of density at the temperature of 50 eV.

H are almost equal to 1 in the regime, the trend of the ratio
of average ion-sphere diameter square is very similar to that
of the Li average ionization degree. From the figure, we can
also see that the trend of two curves is very similar with
increasing density. It is shown that the ionic diffusion coefficient is closely related to the average ion-sphere diameter
square. When the density is very low, the self-diffusion coefficient of H is about six times higher than that of Li. This is
because that the ion diffusions depend on the ionic mass primarily. With increasing density, the thermo-ionized electrons are pressed into the ion-sphere and the average
ionization degrees of Li become smaller, so the average ionsphere diameter becomes smaller relative to that of H. And
the self-diffusion coefficient of Li will rise relative to that of
H as shown in Fig. 8. However, when pressure ionization of
Li happens at the 10  q0 , the average ionization degree and
the ion-sphere diameter of Li become larger relative to that
of H, the self-diffusion coefficient of Li will reduce.
Therefore, the ionic diffusion coefficient is dependent not
only on the ionic mass but also on the ionic ionization
degree.
IV. CONCLUSION

The equations of state and transport properties of the
C2H3 and LiH mixtures are calculated using the AAMD
method in the warm dense regime. Through comparisons
with the OFMD method and other theoretical methods, it is
shown that the AAMD methods can be used to describe the
mixture properties in the warm dense regime except at very
low temperature. In addition, through comparing the selfdiffusion coefficient with the average ionization degree, we
have showed that the transport properties depend not only on
the ionic mass but also on the average ionic ionization
degree. It can be explained that the ion charge will affect the
ionic collision cross section and transport properties.
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