CHIN. PHYS. LETT. Vol. 27, No. 4 (2010) 043301

Theory of Tunnel Ionization in Complex Systems
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We present a detailed derivation of the Ammosov–Delone–Krainov theory of tunnel ionization in complex systems
(CS-ADK). A few mistakes in the previous works have been found and corrected. The theory is then applied to
CO2 , showing that CS-ADK yields better agreement with experiment than the molecular ADK theory.
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Tunnel ionization of atoms and molecules in an
intense laser field have been investigated extensively
in the last decades. The so-called Ammosov–Delone–
Krainov (ADK) model[1] provides for many atomic
species a very good description of measured total ionization rates. For molecules, Tong et al.[2] generalized the basic model of the ADK theory for atoms
to the diatomic molecular ADK theory (MO-ADK),
which was further generalized to also account for nonlinear multi-atom molecules by Kjeldsen et al.,[3] and
some reasonable results as compared to experiments
have been reported. The ADK/MO-ADK theory is
based on the single active electron (SAE) approximation, where only the weakest bound valence electron
interacts with the laser. This model becomes less applicable when SAE approximation fails.[4] Theoretical
predictions from the ADK theory often overestimate
experimentally measured ionization yields by orders
of magnitude. Recent years, a quasi-analytical multielectron model of tunnel ionization of complex systems (CS-ADK) was developed,[4−6] revealing that the
SAE approximation loses its validity in complex materials. This model opens the door to explore the new
multi-electron physics associated with tunnel ionization in complex systems. In this Letter, first a detailed derivation of the CS-ADK theory is presented.
We introduce a correlated strong-field (CSF) ansatz,[6]
which takes into account the long-range interaction
between the tunnel and core electrons. A single effective electron (SEE) equation for the tunnel is derived
and solved quasi-analytically. Secondly, we validate
this theory by applying it to CO2 , a hotspot in recent studies.[7−10] The results are compared with the
MO-ADK theory and experiment, and a detailed discussion is presented.
We first review and summarize the derivation of
the SEE equation for tunnel ionization of previous
works.[4−6] Tunnel ionization takes place in the quasistatic limit, i.e., the laser remains constant during the
tunnel process. Therefore, the derivation starts from
the time-independent 𝑛-electron Schrodinger equation
(atomic units are used unless otherwise indicated),

−𝐼𝑛 Ψ 𝑛 =

𝑛
[︁ ∑︁

]︁
𝑛
Ψ𝑛 ,
(𝐻𝑗 − 𝑟𝑗 · 𝐸) + 𝑉𝑒𝑒

(1)

𝑗=1

where 𝐻𝑗 = 𝑇𝑗 + 𝑉𝑗 denotes the field free singleelectron Hamiltonian of the 𝑗th electron with 𝑇𝑗 =
−(1/2)∇2𝑗 , and 𝑉𝑗 represents the attractive potential due to the nuclei. The second term in Eq. (1)
represents the electron laser dipole interaction with
𝐸 = −𝑧𝐸. The repulsive∑︀
interaction potential of
𝑛
𝑛
=
the 𝑛 electrons is 𝑉𝑒𝑒
The
𝑘<𝑗 1/|𝑟𝑘 − 𝑟𝑗 |.
laser dressed wave function and total energy of the
n-electron ground state are denoted by Ψ𝑛 (𝑟1 , · · · , 𝑟𝑛 )
and 𝐼𝑛 respectively. Second order perturbation theory yields 𝐼𝑛 = 𝜏𝑛 − (1/2)𝛽𝑛 𝐸 2 with 𝜏𝑛 the free total
energy and 𝛽𝑛 the polarizability tensor component
along 𝐸.
Equation (1) is solved by using the CSF ansatz
Ψ𝑛 (𝑟𝑟 , 𝑟) = Ψ𝑛−1 (𝑟𝑟 , 𝑟) ⊗ Ψ𝑡 (𝑟), where Ψ𝑛−1 is the
ground state of the ionized system in the combine
fields of laser and escaping electron; Ψ𝑡 denotes the
wavefunction of the tunnel electron (assigned the coordinate 𝑟 = 𝑟𝑛 ); and 𝑟𝑟 = (𝑟1 , · · · , 𝑟𝑛−1 ) refers to
the residual bound electrons. The neglect of antisymmetrization between tunnel and core electrons in
the CSF ansatz is valid asymptotically for |𝑟| ≫ |𝑟𝑟 |.
Further, 𝑉𝑒𝑒 can be expanded to the second
order in
∑︀𝑛−1
𝑛
𝑛−1
|𝑟|, yielding 𝑉𝑒𝑒
= 𝑉𝑒𝑒
+ (𝑛 − 1)/|𝑟| + 𝑗=1 𝑟𝑗 · 𝑑.
𝑛−1
denotes the interaction between the 𝑛 − 1
Here 𝑉𝑒𝑒
core electrons, 𝑑 = (𝑟/|𝑟|3 ) ≈ 𝑧𝑑 and 𝑑 = 1/𝑧 2 .
Following the molecular Born–Oppenheimer
derivation, Eq. (1) can be decoupled into two equations, separating Ψ𝑛−1 and Ψ𝑡 . The bound electron
part satisfies
−𝐼𝑛−1 Ψ𝑛−1

[︂ 𝑛−1
]︂
∑︁
𝑛−1
=
(𝐻𝑗 − 𝑧𝑗 𝐸𝑡 ) + 𝑉𝑒𝑒
Ψ𝑛−1 , (2)
𝑗=1

where 𝐼𝑛−1 ≈ 𝜏𝑛−1 − (1/2)𝛽𝑛−1 𝐸𝑡2 is the total energy
of the electronic ground state of the ionized medium
dressed by the combined laser and tunnel electron
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field, 𝐸𝑡 = 𝐸 − 𝑑. The total energy of the field-free
electronic state is 𝜏𝑛−1 , and 𝛽𝑛−1 is the polarizability.
The equation for the tunnel electron is
(︁
)︁
𝑍𝑐
−(𝐼𝑛 − 𝐼𝑛−1 )Ψ𝑡 = ⟨𝑇 ⟩ −
− 𝑧𝐸 Ψ𝑡 ,
(3)
|𝑟|
where 𝑍𝑐 is the charge of parent ion after ionization. The first term, ⟨𝑇 ⟩ = ⟨Ψ𝑛−1 |𝑇 |Ψ𝑛−1 ⟩, contains an integration over 𝑑3 𝑟𝑟 . The kinetic operator
is applied with respect to 𝑟 yielding ∇2 Ψ𝑛−1 Ψ𝑡 =
Ψ𝑛−1 ∇2 Ψ𝑡 + 2∇Ψ𝑛−1 ∇Ψ𝑡 + Ψ𝑡 ∇2 Ψ𝑛−1 . Similar to
the Born–Oppenheimer theory the second and third
terms can be neglected. The perturbation theory
shows that they contribute to higher order multipole
terms. The energy divergence in Eq. (3) can be written as 𝐼𝑛 − 𝐼𝑛−1 = 𝐼𝑝 + (1/2)[𝛽𝑛−1 𝐸𝑡2 − 𝛽𝑛 𝐸 2 ] with
𝐼𝑝 = 𝜏𝑛 − 𝜏𝑛−1 being the field-free ionization potential. As the change of polarizability due to the removal of a single electron is generally small, we can set
𝛽𝑛 ≈ 𝛽𝑛−1 = 𝛽+ . Then we obtain 𝐼𝑛 −𝐼𝑛−1 ≈ 𝐼𝑝 +∇𝐼𝑝
with ∇𝐼𝑝 ≈ −𝛽+ 𝐸/𝑧 2 + 𝛽+ /2𝑧 4 .
With the above approximations, Eq. (3) becomes
)︁
(︁ 1
∇2 − 𝑉 (𝑟) + 𝑧𝐸 Ψ𝑡 ,
𝐼𝑝 Ψ𝑡 =
2
𝑍𝑐
𝛽+ 𝐸
𝛽+
𝑉 (𝑟) = −
+ 2 − 4.
(4)
|𝑟|
𝑧
2𝑧
Equation (4) generalizes ADK/MO-ADK from the
SAE theory to the SEE theory, which describes the
tunnel ionization in complex materials. The interaction between core and ionizing electrons is accounted
for by 𝛽+ , the dominant contribution of the polarizability tensor along the laser electric field. Further, in standard ionization theories[1−3] the (angular
momentum-) 𝑙-barrier (𝑙 + 1/2)2 /𝑟2 is neglected. As
complex systems can have large 𝑙 values, this effect
must be accounted in in this study.
Now we present the detailed derivation of the solution of the SEE equation of our work. Equation (4) is
solved in two limits: inside the tunnel barrier, where
laser field effects are weak and the 𝑙-barrier is most
pronounced and outside the barrier, where the laser
field dominates and the 𝑙-barrier is negligible. The
two solutions are connected in the intermediate area
(under the barrier).
The solution inside the barrier starts from spherical coordinates, 𝑟 = |𝑟|, 𝜃, 𝜙. As only parts of the
wavefunction in a narrow cone along the laser electric field, 𝜃 ≈ 0, contribute to tunnel ionization, the
solution can be greatly simplified. Using cos 𝜃 ≈ 1,
angular and radial parts of Eq. (4) are ∑︀
decoupled and
the
solution
can
be
written
as
Ψ
(𝑟)
=
𝑡
𝑙𝑚 𝜓𝑙𝑚 (𝑟) =
∑︀
𝑙𝑚 𝑌𝑙𝑚 (𝜃, 𝜙)𝐹𝑙 (𝑟). The spherical harmonics are approximated by the leading term
𝑄𝑙𝑚
sin|𝑚| 𝜃 exp(𝑖𝑚𝜙),
(2𝜋)1/2 )2|𝑚| |𝑚|!
(︁ (2𝑙 + 1)(𝑙 + |𝑚|!) )︁1/2
= (−1)𝑚
.
2(𝑙 − |𝑚|!)

𝑌𝑙𝑚 ≈
𝑄𝑙𝑚

(5)

As the laser field effects are weak in this region, 𝐹𝑙 (𝑟)
is approximated by the asymptotic form of Coulomb
wave function 𝐹𝑙 (𝑟) ≈ 𝐶𝑙𝑚 𝑟𝑍𝑐 /𝑘−1 𝑒−𝑘𝑟 . Here 𝜓𝑙𝑚 (𝑟)
is Fourier transformed to the coordinate system 𝑧, 𝑝, 𝜑
by
∫︁ ∫︁
(︁
)︁
1
𝜓𝑙𝑚 (𝑟) exp 𝑖𝑘𝑥 𝑥 + 𝑖𝑘𝑦 𝑦 𝑑𝑥𝑑𝑦,
𝜓𝑙𝑚 (𝑧, 𝑝, 𝜑) =
2𝜋
(6)
which gives
𝐶𝑙𝑚 𝑄𝑙𝑚 𝑝|𝑚| 𝑧 𝑍𝑐 /𝑘 exp[𝑖𝑚(𝜑 + 𝜋/2)]
√︀
𝜓𝑙𝑚 (𝑧, 𝑝, 𝜑) = √
,
2𝜋2|𝑚| |𝑚|!𝑘 1+|𝑚| exp( 𝑘 2 + 𝑝2 𝑧)
(7)
where 𝑝 and 𝜙 determine the momentum transversal
to 𝑧.
Table 1. Asymptotic coefficients for HOMO1 of CO2 (Data are
from Ref. [7]).
𝐿
2
4
6

𝑚
±1
±1
±1

𝐶𝑙𝑚
±1.27
±0.188
±0.014

The solution under and outside the barrier is
solved by the WKB method.[11] The semiclassical
wave function in the classically forbidden region 𝑧 <
𝑧1 is an exponentially decreasing function of 𝑧
(︁ ∫︁ 𝑧
)︁
𝐶
WKB
𝜓𝑙𝑚 (𝑧, 𝑝, 𝜑) = √︀
exp −
|𝑝𝑧 |𝑑𝑧 ,
(8)
|𝑝𝑧 |
𝑧1
with 𝑝𝑧 = [𝑘 2 + 𝑝2 + 2(𝑉 (𝑧) + (𝑙 + 1/2)2 /𝑧 2 − 𝐸𝑧)]1/2
the momentum along 𝑧 and 𝑘 2 = 2𝐼𝑝 . The lower integration limit 𝑧1 is the outer turning point at which
𝑝𝑧 = 0, which for 𝑧 ≫ 1 is seen to be 𝑧1 ≈ 𝑘 2 /2𝐸. The
semiclassical solution in the classically allowed region
𝑧 > 𝑧1 is a running-wave solution
(︁ ∫︁ 𝑧
𝜋 )︁
𝐶
WKB
exp 𝑖
|𝑝𝑧 |𝑑𝑧 − 𝑖 . (9)
𝜓𝑙𝑚
(𝑧, 𝑝, 𝜑) = √︀
4
|𝑝𝑧 |
𝑧1
The laser dressed tunnel wavefunction (8) is
matched to the field-free, asymptotic ground state (7)
at a field-free point 𝑧0 ,
(︁ ∫︁ 𝑧1
)︁
𝐷𝑙𝑚 𝑄𝑙𝑚 𝑝|𝑚| exp[𝑖𝑚(𝜑 + 𝜋/2)]
√
𝐶=
exp −
|𝑝𝑧 |𝑑𝑧 ,
2𝜋2|𝑚| |𝑚|!𝑘 1/2+|𝑚|
𝑧0
(10)
𝑍𝑐 /𝑘 −𝑘𝑧0
where 𝐷𝑙𝑚 = 𝐶𝑙𝑚 𝑧0 𝑒
. As complex systems
are highly polarizable, the polarization field cancels
the laser field at a point 𝑎, where 𝛽+ 𝐸/𝑎2 − 𝑎𝐸 ≈ 0.
1/3
Solution of this equation gives 𝑧0 = 𝑎 = 𝛽+ .
Finally the total wavefunction outside the barrier
is
)︁
(︁ ∫︁ 𝑧1
∑︁
𝐴𝑙
Ψ𝑡 =
exp
−
|𝑝
|𝑑𝑧
,
𝑧
(2𝜋|𝑝𝑧 |)1/2
𝑧0
𝑙
𝐴𝑙 =

∑︁
𝑚
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𝐷𝑙𝑚 𝑄𝑙𝑚 𝑝|𝑚|
|𝑚|
2 |𝑚|!𝑘 1/2+|𝑚|

exp[𝑖𝑚(𝜑 + 𝜋/2)].

(11)
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(︁ ∫︀
)︁
𝑧
Note that a factor exp 𝑖 𝑧1 |𝑝𝑧 |𝑑𝑧 − 𝑖𝜋/4 in Ψ𝑡 has
been neglected since the 𝑙-barrier can be neglected in
the region 𝑧 > 𝑧1 (≫ 1), and Ψ𝑡 only enters the final expression for the ionization rate as |Ψ𝑡 |2 . Ionization along an arbitrary direction can be calculated
by a rotation of the coordinate system by the Euler
angle 𝑅, keeping 𝐸 ‖ 𝑧. This determines 𝐵𝑙𝑚 =
∑︀
𝑙
′
′
𝑚′ 𝐷𝑚′ 𝑚 (𝑅)𝑄𝑙𝑚 𝐷𝑙𝑚 , which substitutes 𝐷𝑙𝑚 𝑄𝑙𝑚
in 𝐴𝑙 .
From Eq. (11) the tunnel current 𝑗𝑧 = |Ψ𝑡 |2 𝑝𝑧 is
𝑗𝑧 =

[︁
(︀ 𝑝 )︀2 ]︁⃒⃒
1 ⃒⃒ ∑︁
𝐴𝑙 exp − 𝑡 −
⃒
⃒,
2𝜋
∆

HOMO, we must sum up the rates from each degenerate orbital. We must only calculate the coefficients
for HOMO1 of CO2 . HOMO2 has the same electron
density distribution as HOMO1, except for lying on
a different plane (Fig. 1). We obtain HOMO2 when
HOMO1 is rotated by the Euler angle 𝑅1 (0, 0, 𝜋/2).
Thus the ionization rate of HOMO2 is 𝑊 (𝐹, 𝑅 + 𝑅1 )
and the total ionization rate is
𝑊𝑇 (𝐹, 𝑅) = 𝑊 (𝐹, 𝑅) + 𝑊 (𝐹, 𝑅 + 𝑅1 ).

(12)

90
120

𝑙

∫︀ 𝑧1

where 𝑡 = 𝑧0 𝑝𝑧0 𝑑𝑧, 𝑝𝑧0 = 𝑝𝑧 (𝑝 = 0) and 1/∆2 =
∫︀ 𝑧1
1/𝑝𝑧0 𝑑𝑧. Both 𝑡 and ∆ are closely 𝑙-dependant.
𝑧0
Note that Eq. (12) corrects a mistake in Eq. (7) of
Ref. [6]. Finally, the ionization
∫︀ rate is obtained by
performing the integral 𝑊 = 𝑑𝜑𝑑𝑝𝑝𝑗𝑧 , which gives

60

150

30

180

0

𝑊 =

𝑚

(2𝑘)2|𝑚|+1 |𝑚|!

⃒2
⃒ ∑︁
⃒
⃒
𝐵𝑙𝑚 𝑒−𝑡 ∆(|𝑚|+1) ⃒ . (13)
⃒

(︀ 3𝐸 )︀1/2 𝑊 + + 𝑊 −
𝑊 ≈
,
𝜋𝑘 3
2

(14)

where 𝑊 ± are the static rates for the positive and
negative field directions with respect to the 𝑧 direction. 𝑊 + = 𝑊 , and we have to substitute (−1)𝑙 𝐶𝑙𝑚
for 𝐶𝑙𝑚 in 𝐵𝑙𝑚 to obtain 𝑊 − .[3]
(a)

(b)

E

x

240

E

x
β

β

z

z
y

Fig. 1. (Color online) The orientation (𝛽) of the two degenerate HOMO orbitals of CO2 with respect to the linearly polarized field.

We validate the CS-ADK theory by applying it to
CO2 . The ionization potential (𝐼𝑝 ) and polarizability
along the main axis are 13.777 eV and 2.507 A3 , respectively. These data are taken from the CCCBDB
DataBase of NIST.[12] HOMO of CO2 has the 𝜋𝑔 symmetry and is a doubly degenerate orbital. For convenience we call them HOMO1 (on 𝑥–𝑧 plane, Fig. 1(a))
and HOMO2 (on 𝑦–𝑧 plane, Fig. 1(b)). The coefficients
𝐹𝑙𝑚 (𝑟) =
∫︀ * 𝐶𝑙𝑚 are determined by matching
𝑌𝑙𝑚 (𝜃, 𝜙)Φ0 (𝑟)𝑑Ω to the form 𝐶𝑙𝑚 𝑟(𝑍𝑐 /𝑘)−1 𝑒−𝑘𝑟 in
the asymptotic region.[13] In this study we adopt the
𝐶𝑙𝑚 values suggested in Ref. [7] (listed in Table 1 for
HOMO1 of CO2 ). For the total ionization rate of

300
270

𝑙

Equation (13) corrects Eq. (8) of Ref. [6]. In a slowly
varying field, the ionization rate is found by integrating over an optical cycle. Under the assumption
𝑘 3 /𝐸 ≫ 1, the result is

CS-ADK
MO-ADK
Experiment

330

210

1

∑︁

(15)

Fig. 2. (Color online) Normalized ionization probability of CO2 versus the relative orientation 𝛽 between the
molecular axis and the laser polarization. The Laser intensity is 3 × 1013 W/cm2 , and the wavelength is 800 nm.
The experimental data are taken from Ref. [8].

The ionization rates have to be converted to ionization probability or ion signal if we want to compare
the calculation with experiment. The ionization rate
depends on the instantaneous amplitude of the field
and the molecular orientation described by the Euler angles (𝛼, 𝛽, 𝛾). We only consider linearly polarized light and hence the results are independent of 𝛼,
the angle of rotation around the polarization vector.
For a Gaussian laser beam with the vector potential
𝐴(ℛ, 𝒵, 𝑡), the orientational dependent number of ionized molecules 𝑁 is found
∫︀∫︀ by integrating over the beam
profile 𝑁 (𝛽, 𝛾) ∫︀= 2𝜋𝜌 ℛ𝑑ℛ𝑑𝒵𝑝(ℛ, 𝒵, 𝛽, 𝛾), where
𝑝 = 1 − exp [− 𝑊𝑇 (𝐴(ℛ, 𝒵, 𝑡), 0, 𝛽, 𝛾)𝑑𝑡] is the ionization probability and 𝜌 the constant density of the
target gas. In experiments it is difficult to measure
the absolute yield due to unknown detection efficiency,
while measured ratios of yields for different molecular
orientations are independent of detection efficiency.
In Fig. 2 we present the ionization probabilities of
CO2 , versus the relative orientation 𝛽 (see Fig. 1). The
angle where the ionization probability peaks from the
experiment[8] is 45∘ , while both the CS-ADK and MOADK predict the peaks at about 35∘ . Although such
discrepancies exist, the alignment dependences of ionization rates predicted using those theories are still
correct, at least quantitatively, as far as the simplicity and approximate nature are considered. Further,
careful observation shows that the angular distribution from CS-ADK differs from that of MO-ADK, especially when the C − O axis parallels to the polarization direction of laser field (𝛽 = 0∘ , 180∘ ), where a
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field strength 𝐸 ≪ 1, the tunnel region 𝑧 > 1). As the
field strengthens, 𝑉𝑝 tends to increase in the asymptotic region, which further raises the tunnel barrier.
This explains the decreases of ionization yield from
CS-ADK calculation in Fig. 4(a).
5

Rate (arb. units)

shallower gap is found. In this sense, the result from
CS-ADK is closer to experimental data. In experiments, utilizing linearly polarized pulses for the alignment, the main axis with the largest polarizability is
aligned along the polarization direction[14] (C − O axis
for CO2 ). Figure 3 shows the theoretical results of the
ionization rates versus the laser intensity when CO2
is aligned. It is well known that the predictions from
ADK theory often over estimate experimentally measured ionization yields by orders of magnitude.[6] In
Fig. 3 we can see that the result from the CS-ADK
theory improves the situation, especially when the intensity increases.

(a)

CS-ADK

4

CS-ADK*
MO-ADK

3
2
1
0
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(b)
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Fig. 4. (Color online) (a) Ionization rate of CO2 versus
the relative orientation 𝛽 between the molecule and the
laser polarization. The laser intensity is 6 × 1013 W/cm2 .
(b) Interaction potential 𝑉𝑝 at different field strengths.

1

Intensity (1014 W/cm2)
Fig. 3. (Color online) Ionization rates of CO2 versus the
laser intensity when the C − O axis is aligned along the
laser field polarization.

Recall that the CSF approach takes into account: (1) the long-range interaction potential 𝑉𝑝 =
𝛽+ 𝐸/𝑧 2 − 𝛽+ /2𝑧 4 and (2) the angular momentum 𝑙barrier 𝑉𝑙 = (𝑙 + 1/2)2 /𝑟2 . CS-ADK degenerates into
MO-ADK if these two potentials are taken away. Now
we study how these two factors affect our results. Figure 4(a) presents the ionization rates versus the Euler angle 𝛽, calculated from CS-ADK, CS-ADK*(no
polarizability, 𝛽+ = 0) and MO-ADK, respectively.
CS-ADK* differs from MO-ADK by considering the
contribution from 𝑉𝑙 , while CS-ADK differs from CSADK* by 𝑉𝑝 . We notice an obvious change in the ionization rate when compare the results from CS-ADK*
and MO-ADK. This means that the 𝑙-barrier changes
both the angular distribution and amplitude. Meanwhile, 𝑉𝑙 is always > 0, so the tunnel barrier rises and
the electron is harder to be ionized, resulting in the
decreases in yield rate. On the other hand, the comparison between CS-ADK and CS-ADK* tells us that
the interaction potential 𝑉𝑝 affects the magnitude (decrease in this case) but not the angular distribution of
yield results. In fact, if we plot the two results from
CS-ADK and CS-ADK* in one polar graph (normalize to the 𝛽 = 0∘ geometry first), we will find that
these two curves totally overlap (as Fig. 2). This originates from the neglect of the inhomogeneity nature
of polarizability. In Fig. 4(b) we present the 𝑉𝑝 potential, with the typical values of our calculation (the

In conclusion, we have reviewed the theory of tunnel ionization in complex systems. The CS-ADK theory improves the MO-ADK theory by taking into account the interaction between the tunnel electron and
the remaining electrons bound to the ion core and as
well as the angular momentum barrier. Comparison of
the theory to the MO-ADK theory shows that better
agreement with experiment is reached. A data basis
with a variety of parameters including the polarizability is needed to make it more generally applicable. In
future work, it will be a breakthrough if the electronic
exchange-correlation effect is successfully introduced
into this theory.
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